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Abstract—We study the performance of greedy scheduling in accordingly. The original problem is shown to decompose
multihop wireless networks where the objective is aggregat into several subproblems, viz., congestion control, rautind

utility maximization. Following standard approaches, we onsider scheduling, and the objective is to find distributed sohsito
the dual of the original optimization problem. Optimal scheduling each [1]_[4] [11]

requires selecting independent sets of maximum aggregateipe, ;
but this problem is known to be NP-hard. We propose and e consider a problem that belongs to the second group
evaluate a simple greedy heuristic. We suggest how the greed above.

heuristic can be implemented in a distributed manner. We s M M F
evaluate an analytical bound in detail, for the special casef a + OYSTEMMODEL AND MATHEMATICAL FORMULATION

line graph and also provide a loose bound on the greedy heutis ~ A, Primal optimization problem

for the case of an arbitrary graph. Our problem can be stated precisely as follows. We rep-

|. INTRODUCTION AND RELATED WORK resent a network as a directed graph= (N, L), where A/

Consider a multihop wireless packet network. We want f&Presents the set of nodes in the network @ncepresents
“pack” as much traffic into the network as it can handle. QuaH]e set of wireless links in the network. The total number of
titatively: Each source is equipped with a concave increpsinodes in the network is denoted by = || and the total
utility function, and we want to maximize aggregate utilitynumber of links byL = |£|. A wireless link (i,j) € L if
We note that the utility-based approach is a standard way tdesi andj are within transmission range of each other, i.e.
ba'ancing h|gh aggregate throughput and fairness [1]{'14-11 direCt Communication betWeen nodand nodej iS possible.
[17]. As in [1], we assume that if a linki, ) € £, then so does

In a wireless network, the situation is complicated by thi&e link (j, 7). For simplicity of mathematical expressions, we
fact that only some subsets of links can be active simultdssume that all links support a bit ratewhen active, though
neously. The notion of “independent sets” is used to captufe results in the paper can be extended easily to the case whe
this inherent constraint [1], [2], [16]. Anaximalindependent this is not true. Let# denote the set of all end-to-end multihop
set is a subset of links that is maximal in the sense that evié@ws present in the network. For every flofue 7, s(f) and
one more link cannot be added to the set without violatirdff) represent the source and destination nodes, respectively.
interference constraints. Maximal independent sets spaed All the source nodes are assumed to have an infinite backlog.
to maximal elements in a partial order. The data rate associated with the flgis represented by ¢

Research into scheduling, routing and congestion cont@dy: denotes the part of the floythat is carried by the link
is several decades old, but has seen a lot of activity recentt Lety; = (ys)icc be a vector representing the part of flow
following the seminal paper of Tassiulas and Ephremides. Tt carried by each link in the network; represents &'-sized
literature can be classified into two broad groups. In the firgolumn vector such that;(s(f)) = zy andus(d(f)) = —xy
group, traffic arrives into the network according to spedifieand all other entries are zero.
random processes that cannot be controlled, and the afgecti !nterference Model:In this paper we use the IEEf2.11
is to find the “capacity region”, which is the largest set dpased interference model, for modeling an inter-link ifeer
arrival vectors for which a scheduling and routing policyrca€nce. Here we reproduce some definitions from [12] in order
be found ensuring stable operation. [5]-[10] to define the interference model. _ _

In the second group, each source has an infinite backlogPefinition 1: Let ds(z,y) denote the shortest distance (in
of data to send, is equipped with a utility function anderms of number of links) between nodesy € N. Define
the objective is to maximize aggregate utility. Followirget @ functiond : (£,£) — N as follows: Forl, = (u1,u2),
important paper of Kelly, Maulloo and Tan [17], researchefs = (v1,v2) € L, let
have addressed the issue of obtaining distributed contools d(ly,l,) = min  dg(us,v;).
achieve the objective. The basic idea is that the network ije{1,2}
will provide congestion signals to the sources (in the forim the K-hop link interference model, we assume that any
of “prices”), and the sources will modify their data rateswo links /; and i, for which d(l1,1ls) < K, will interfere



@ . \ > \ @ The third constraint ensures that there are no idle slotaiin o
schedule. This is a convex optimization problem with affine
constraints. Thus by applying Slater’s condition [18] wa ca
show that our problem has no duality gap.

Fig. 1. An example of a line graph. S and D represent the soanck
destination nodes respectively.

with each other and hence cannot be active simultaneougly, Dual problem

Throughout this paper, we use the IEBE2.11 based inter-  To obtain a solution in a distributed manner, we follow the
ference model which is @-hop interference model [12]. A approach initiated by Kelly and others [2], [17]: that of sah
maximal independent set of links is a set, no two links @&ring the dual of this problem. As in these papers, we relax th
which interfere with each other under the given interfemn@apacity constraints given by Equation (2); the correspund
model and no other link can be added to this set withouhgrange variables behave as link prices, represented by a
violating an interference constraint. As an example camsidvector p. Given a vector of link prices, the problem splits
the line graph shown in the Figure 1. Here, link¥,, N1) into congestion control, routing and scheduling subpnoisle
and (N3, N4) do not interfere with each other. If we considethat can be solved independently. The dual problem assaciat
any other link in this graph, we notice that it will interferewith the primal problem stated in Equation 1 is as follows:
either with one of them or both of them. Thus, the set formed

by links (N, N1) and (N3, N,) can be said to be a maximal glggD(P) )
independent set of links under tBehop interference model. A B

maximal independent set of links is represented by a columnwhere

vectorry of size L. Ifalink [ € I, r;(1) is C; else it is0. We

represent the collection of all the mE’»)(imaI independerst bgt D(p) = (Ifg{f};go Z (Ulzy) =

the matrixM;, columns of which are;s. As no two maximal . Jer

independent sets can be activated simultaneously, eaberof t p'(ys —Mja))) (6)

will get scheduled for some fraction of time. If there afe ) J

maximal independent sets present in the network, we represe ~ Subject to: Z ap = 1 ()

a schedule associated with them by aized column vectao, k=1

where thei’" entry of vectora represents the fraction of time Although it is a wellknown fact, we state that the dual fuonti

an independent set representing tHecolumn of matrixM;  D(p), is a convex one. Thus, given a price vectrD(p)

is active. We associate a utility functiéh(z ;) with every end- s a solution to the relaxed maximization problem. With some
to-end flowf € F. U(xy) is assumed to be a strictly concavealgebraic manipulation, we can split this optimizationtgem
twice differentiable, increasing function withi (0) = 0. Let into two independent problems and can solve them separately
A be theN x L node-link incident matrix. Then, the formalThus, we can split the RHS of Equation 6 as two functions of

representation of our problem is as follows: price vectorp:
max Ul(zy) (1)
wfzovazofez; ! D(p) = Di(p) + D2 (p)
Subject to:Ay; = wuy,VfeF D1 (p) corresponds to the congestion control and routing prob-

Z vy < Mja (2) lem while theD;(p) represents the link scheduling problem.

feF Congestion control and routing subproblem:
ST 3) S

> m = Di(p) = max(3" (Ues) ~ 3 i)

k=1 x50 jeF i—1

Here, the first constraint ensures flow conservation at every
node in the network. The next constraint, represented by
Equation 2 ensures that the aggregate flow on each link is less
than the effective capacity of the link. We elaborate more onFor a given vector of link prices, each source solves the
this point. Letly, I, ..., I; be the maximal independent setgroblem of how much traffic to send into the network so as

of links present in the network and let represent the fraction to maximize its net utility. The amount of traffic to send is
of time an independent sé}, is active. Then the fraction of

subject to:Ay; = wuy,VfeF

time )\, for which link [ is active is given by, xp =U""1(p(f)) (8)
A= Z ay (4) wherep(f) is cost of the least cost path betweefy) and
e d(f) for a givenp.

We note that the route chosen by the source corresponds
to the minimum-pricedpath(s) between the source and the
Cleff = NC destination.

Thus, the effective capacity of a linkis given by,



Scheduling subproblem: A. Distributed Nature of Greedy Heuristic
Our main intention behind selecting the greedy heuristic

Ds(p) = ?ﬁé‘(ptMIa) ©®) asa scheduling policy is that- it can be implemented in a
J distributed manner. Here, we present the Greedy Heuristic a
subject tOZZak - 1 in [12] and also present a way in which it can be implemented

=1 in a distributed manner.

] . ) Definition 2: A *matching” is a set of links no two of which
It can be shown that, for a given vector of link prices, thghare a common node.

solution to this problem is to schedule an independent set ofpefinition 3: We call a set of edgeld”, a K -valid matching

maximumaggregateprice [19]. Thus, an optimal schedulingjf for gJi li,lo € W with I3 # o, we haved(ly,ls) > K.
vector a*(p) for a given price vectop has all its entries  Greedy Heuristic:

zero except the one corresponding to an independent set Witri) W :=¢ andi:= 1.

maximum aggregate price. 2) Arrange links ofz in descending order of price, starting

Price updation algorithm:The price of link! is updated with 11, s, .. ..
while going from the;*" to the (j + 1)*' iteration using the  3) |f W U, is a valid 2-matching, thenj¥V := W U [;.
following equation: 1=+ 1.
. _ _ - 4) Repeat Step 3 for all links if.
pili + 1) = (pli] + 6;(wlj] = alih)™ (10) Distributed version of Greedy HeuristicAn algorithm to

. ) h e
represents the aggregate flovxpe implemented by every noden, in the k' time slot

Here, (z)T = max(z,0). j
() x(@,0). ] 1) Price dissemination over &-hop neighbourhoodFor

on link [ in the j*" iteration. If link [ is part of an independent * - ’ -
set that is a solution to the Equation (9) for the given price ~ €&ch attached link, broadcast the link price with a hop-
vectorp|j], thenc;[j] takes the value of, else it is zero. This count= 2, so that the information reaches all nodes
update equation follows from the subgradient algorithnt tha _ Within @2-hop neighbourhood. _

is used, in particular, for non-differentiable functiori®]. ; 2) Identification of interfering linksReceive scoped broad-
is the step size associated with the subgradient algorithm i ~ €@Sts from other nodes, and identify all links that are

the 5" iteration. In this paper we use a constant step§iie potential interferers with attached links. _
all iterations. 3) Price sorting Sort received link prices in descending

order.
4) Link scheduling Check if head-node for max-priced

C. The overall scheme link; if yes, schedule the link, else do not schedule any

Summarizing, the overall scheme is follows: attached link.
1) Start with a vector of link prices. 5) Price updation_Based on Iipks schedulgd in the current
2) Obtain the traffic injected into the network by each  Slot update prices according to Equation 10.
source (congestion control and routing problem). At time ¢ = 0, we associate a fixed index (some integer)
3) Obtain the schedule with maximum aggregate prictith each node. If two conflicting links have maximum price
(scheduling problem). in a given time slot, then a link that corresponds to a heatkno

4) Update prices (price updation) and go to Step 2. With a larger index will get scheduled.

It is well-known that when the step sizes in the price updatidd. Greedy heuristic: Bound on the maximum link price

algorithm are chosen appropriately, the algorithm giveovab  The greedy heuristic is characterized by the following. Let
converges to a neighbourhood of the optimal solution of ﬂ?’%wm[j] be the price of thenaximum priced linkn the ;"
primal problem [2]. iteration. LetU(z), a strictly concave, twice differentiable,
increasing utility function withU7 (0) = 0, be associated with
I11. OUR WORK the flow f € F. Then the following proposition holds.
. . . Proposition 1: There exist ar) < M < oo and jy < oo,
It has been recognized in [12], [16] that the problem ig.p, thatp,,a.[1] < M Vj > jo, under any scheduling policy
Step 3 is hard, even when a centralized algorithm is usgfla¢ schedules an independent set in each time slot.
The problem has been shown to be NP-hard in [12], [16]. p(qof: Proof is given in the Appendix. -

Therefore, we relax the requirement of optimality, as in]{12as proposition 1holds for any scheduling policy that sched-
[13]. We consider the natural heuristic idea of choosingran ijes an independent set, the result holds for the Greedy
dependent satontaining the maximum-priced linknstead of o yristic as well.

the independent set of maximum aggregate price. In paaticul

it is interesting to explore this heuristic because it leitsislf C. Greedy heuristice-subgradient

to a distributed implementation. In the literature, thisitigtic Compared to the optimal solution, how much do we lose by
is commonly referred as "greedy™ and we stick to the samesing the greedy heuristic? To assess this, we need thennotio
nomenclature. of an e-subgradient.



Definition 4: [19] Given a convex functioD(p) : R — Adding the price update equations for all links we get,
R ande > 0, a vectorh(p) € R" is ane-subgradient ofD(p) _ 1—1 _
at pointp € ®" if D(p) > D(p) — ¢+ (p — p) h(p),7p € Swr = S+ (LUT(S) =~ [H(1)IC)

Rn. For U(z) = log(1 + z) we havelU’~'(S}) = (g- — 1).
The following result, from [2], [19], is important for us. Now we move to the continuous time domain to have a
Proposition 2: Suppose at each iterationj an ¢;- differential equation governing the path-priS¢t) as:

subgradient is used. ¥; < ¢ Vj or lim; .., €; = ¢ and ds 1
[|h(5)||2 < H Vj, then thee-subgradient algorithm converges - = L (§ - 1) —[I(t)|C (11)
within §H?/2 + ¢, of the optimal value. . _ . .

Proof: See Theorem 5 from [2] for proof. m We see from the differential equation above that if we keep
Now considerl/ (z) = log(1+ ). Then under this assump-On scheduling the same independent/sat each time instant

. . . as 0 L
tion and K -hop interference model, the following result holdst: then Gz will become zero whenS' takes value 7.

Claim 1: Consider a line graph with sufficiently large numThus S = - is the equilibrium pointof the differential
ber of links L, each with capacity C. Then the path-pric@quation. As this value depends upon the cardinality of set
S satisfies the inequality{fK + 1)/(K + 1+ C) < § < we can see that larger the size of getsmaller will be the
(2K +1)/(2K + 1 + C) under any scheduling policy thatvalue ofS that is associated with the equilibrium point. In the
schedules an independent set in each time slot. actual network, though the same independent set will not get
Proof: scheduled at each time instant, in order to find a lower bound
Consider a line graph witl, >> K. We want to know 0on.S we consider the case when the gt is scheduled at all
what can be the lower bound on the path price. We notice thie instants. Thus by substitutingby 7,,.. in Equation 11
when the path-price is minimum then the achieved data-rave get,

is maximum. Also when a path is occupied by a single flow L

then only that flow can achieve maximum data-rate. Thus in Smin = m

order to find the lower bound on the path-price, we need to K ffl

assume that a single flow is present on the line graph, between N o= (12)

its end nodes. K+1+C

Let I,,.. be the maximum-sized independent set of linkéhere Sy, represents the lower bound on the path-pisce
and let/,,;, be the minimum-sized independent set of links>imilarly we can find an upper bound ¢ by substituting
We represent the size of any sktby |I|. Then under the [Zmin| in place of I in Equation 11 and equating it to zero.
K-hop link interference constraints, the following expiess Thus we find the upper boun},... on S as:

can be obtained: S a 2K +1 (13)
as| = [ L “ 2K +1+C
e K+1 This completes the proof. [
Lin| = [ L W As in a line graphp.... < S, from the above claim we
man 2K +1 can conclude thap,,.. < (2K +1)/(2K + C), in the case

of a line graph.

These expressions can be explained as follows. Consider &OPOsition 3: Under the same set of assumptions for utility
line graph withZ. number of links in it, L being sufficiently function, interference model and number of end-to-end flows

larger than k. We see that the maximal independent s@ forClaim 1, in an arbitrary network grapy’ < 1 under
with minimum size under thei-hop interference model, @Y scheduling policy that schedules an independent set in

corresponds to the set of links {K + 1,3K + 2,5K + each time slot . .

3,...(2n—1)K +mn,...}. So we see that out of a3 + 1 Proof: Among the multiple routes that will be present
consecutive links, at least one link belongsitg;, in order Petween a source-destination pair, let us select an awpitra
to maintain its maximality. This leads to the conclusiontthOUtér and lets; be the path-price associated with this route.

the size ofl,,;, should be[L /(2K +1)]. A similar argument We focus on the derivative of this path-price in each time
works for the size ofl,,,.. instant, irrespective of whether the source node sendsdata

Let I(¢) be an independent set scheduled at time intervallt OF Not. Then at any time instant we see that the derivative

Now according to Equation 10, the price updation happens ¥sS- can be one of the four possible functionsf.

follows: —|I.(¥)|C casel

If a link [ is scheduled in slok then, S I si 1 case2
_ L N 14
) —pll) = SUN(Sy) — C) else, & "\ L(L-1)- e cses P
prer() —pe(l) = 6(U'(Sk)) 0 cased

0 being a constant step-size alg being the path-price for Here we enumerate the details of all four cases mentioned
the k" iteration. above:



1) when |I.(t)] number of links from the route: get notimplement the distributed version of the greedy heiarist

scheduled and source routes no data ever Figure 2 [14], Figure 3, Figure 4 [3], Figure 5 [2] and Figure 6
2) when data is routed over and no link fromr is [15] show the topologies of five networks,,G2,G3,G4 and
scheduled G, respectively. All the links in all the networks are assumed
3) when both routing and scheduling activities are carrigd have the capacity of0 Mbps. We start by assigning unit
out on router price to all the links. The plots in the Figures 7, 8 and
4) when neither routing nor scheduling is carried out alonfl compare the performance of the greedy algorithm with
the router. the optimal scheduling algorithm for the respective nekspr

From the above equation, we see that when only routiMdWen multiple flows are present in the network. From the plots
activity is carried out over the route thens, keeps increasing in Figure 7, one sees that the aggregate utility in the case
at the maximum possible rate of change. Thus under t#i§greedy scheduling varies from that of optimal scheduling
scenario (i.e. when only routing activity is carried out ovedy less that2% and 15% for two networks Gy and Go,
the router) the maximum possible value tht can take isl ~ respectively. In the case @3, G4 andGs, we observe that
assS, = 1 is the equilibrium point for the differential equationthe utility achieved under the greedy schedule is almost the
in case?. same as that obtained under the optimal schedule. The step

Now consider the situation whes}. keeps decreasing underSize ¢ is taken to be0.001. Also, Figure 9, Figure 10 and
casel or case3. Let r be the first route among all routesFigure 12 show thap,... is bounded in all the five cases.
which reaches the valugf+l-. As it is the first route to
reach that value, it is the minimum path-priced route when it
reaches this particular value. Thus, data will be routed ove The scheduling problem is known to be a bottleneck in
the router and hence under either cageor case3, dS, /dt the cross-layer optimization approach. We relax the ogiiyna
will start increasing (each route is a line graph abim requirement, and propose a natural greedy heuristic. T$e lo
1 provides a lower bound for the path-price of a line graphin performance due to the greedy heuristic is shown to be
ThusS, cannot reach zero, the case in which path-price woupunded. The greedy heuristic is of interest because it is
increase unboundedly in the next time instant. THusemains amenable to distributed implementation. Though the upper
bounded byl. m bound omp,,., was shown to bé, that result was obtained for
As S, is bounded above by for all routesr, and asp; < S, any scheduling policy which schedules an independent et. T
for all links ! along router, we can say that,,.. is bounded actual bound om;,.. under greedy scheduling policy might
above byl under any scheduling policy. The last propositioh® much less thai, as suggested by the numerical results. In
can easily be extended for the case when multiple flows &#r ongoing work, we are trying to find this upper bound on
present in the network and hence the bounggp, continues Pma. Under greedy scheduling.
to hold even in that case.

In the result that follows we will be using the following
definitions from [12]. [1] F.L.Presti, "Joint Congestion Control, Routing and Néedccess Control

s . _ ; ; Optimization via Dual Decomposition for Ad Hoc Wireless ietks,” In
Definition 5: The K-hop interference degree of a link the Proc. of the 8-th International Symposium on Modelingaksis and

I € L, denoted bydk(l), is a size of the maximum sized  simulation of Wireless and Mobile Systems (MSWiM 2005) , Nteal,
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V1. APPENDIX

A. Proof of Propositionl

Proof:

1) Suppose the price of the max-priced link is not bounded

above. Then in a slot if the price of the max-priced link
is increased, it must be the case that in the immediately
preceding slot, the routing algorithm resulted in some
flows (at least one) choosing paths through that link,
and for such a flows, the path passing through the max-
priced link of the current iteration, was the minimum-
priced path.

2) The above can be restated as follows: In the immediately

3)

4)

5)

6)

preceding slot, there is a nonempty subset of flows
for which the minimum-priced path passed through the
max-priced link of this slot.

As the iterations proceed, such subsets have to keep
appearing repeatedly, so that the price increass,in.

can be sustained.

For the flows in the subset, the price of the minimum-
priced path keeps increasing (becawsg,. keeps in-
creasing).

There are a finite number of subsets. Eventually, for
any subset of flows, there is no incentive to send traffic,
because the price of the minimum-path price is too high.(
When S, crossed/’ (0) for a particularp,,q...)

So, eventually, all flows will stop sending traffic. In this
situation, the increase of price of the max-priced link
cannot be sustained. And we have a contradiction. Thus
we conclude that, there exists &n< M < oo, such
that prres < M.



B. Proof of Propositiord

Proof: Let py,pz € RL. Let rope(p) and rgra(p)
represent the independent sets corresponding to an otidal
greedy schedule, respectively for a given price vegiot et
Sopt(P) @and S,-q(p) be the aggregate prices 8§, (p) and
rerd(p) respectivelyp,,..(p) represents the price of theax
priced link(s)for the price vectop. We represent the optimal
flow rate and optimal routing vector of a floy € F, for a
given link price vectorp, by z;(p) andy (p), respectively.
y(p) represents d sized column vector!” entry of which
indicates the aggregate traffic of all the flows carried by the
link { for the price vectop, i.e.zfef yv¢(p). Then atp, we
have the following:

D(p2) = 3 Ulrs(p2) - P} (¥(p2) — ropt(p2))
ferF
> 3" Ules(p1) — P5 (y(p1) — rera(py))
ferF
= 3 Ules(p1) - P  (y(P1) — Topt(p1)) +
feFr

(P2 — p1)" (rgra(P1) — y(p1)) —
P1” (Topt((P1) — rgra(P1))
= D(p1) + (P2 — P1)" (rgra(pP1) — ¥(p1))
_PlT(ropt((Pl) — rgra(P1))
We notice thatp1? (ropt((P1) — rera(p1)) is always a non-
negative quantity and hence for apye R%, ry.q(p) —ys(p)

is an ¢(p)-subgradient ofD(p) at p. From the above set of
equations, it is clear that,

e(p) = P (ropt((P) — rgra(p))
= (Sopt(P) = Sgra(p)).C
But, Sgra(P) = Sopt(P)/di (G).
( From Theoren® in [12])
= Sopt(P) = Sgra(P) < Sopt(P)(dr (G) —1)/di (G).
< Lpma(P)(dr(G) — 1)/dk (G).
< LM(dx(G) —1)/dk(G).
=¢e(p) < LMC(dx(G)—1)/dx(G). Vp

Thus ¢(p) is bounded above for alp by LMC(dx(G) —
1)/dx (G) under greedy scheduling. [ |



