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Abstract—We study the performance of greedy scheduling in
multihop wireless networks where the objective is aggregate
utility maximization. Following standard approaches, we consider
the dual of the original optimization problem. Optimal scheduling
requires selecting independent sets of maximum aggregate price,
but this problem is known to be NP-hard. We propose and
evaluate a simple greedy heuristic. We suggest how the greedy
heuristic can be implemented in a distributed manner. We
evaluate an analytical bound in detail, for the special caseof a
line graph and also provide a loose bound on the greedy heuristic
for the case of an arbitrary graph.

I. I NTRODUCTION AND RELATED WORK

Consider a multihop wireless packet network. We want to
“pack” as much traffic into the network as it can handle. Quan-
titatively: Each source is equipped with a concave increasing
utility function, and we want to maximize aggregate utility.
We note that the utility-based approach is a standard way of
balancing high aggregate throughput and fairness [1]–[4],[11],
[17].

In a wireless network, the situation is complicated by the
fact that only some subsets of links can be active simulta-
neously. The notion of “independent sets” is used to capture
this inherent constraint [1], [2], [16]. Amaximalindependent
set is a subset of links that is maximal in the sense that even
one more link cannot be added to the set without violating
interference constraints. Maximal independent sets correspond
to maximal elements in a partial order.

Research into scheduling, routing and congestion control
is several decades old, but has seen a lot of activity recently,
following the seminal paper of Tassiulas and Ephremides. The
literature can be classified into two broad groups. In the first
group, traffic arrives into the network according to specified
random processes that cannot be controlled, and the objective
is to find the “capacity region”, which is the largest set of
arrival vectors for which a scheduling and routing policy can
be found ensuring stable operation. [5]–[10]

In the second group, each source has an infinite backlog
of data to send, is equipped with a utility function and
the objective is to maximize aggregate utility. Following the
important paper of Kelly, Maulloo and Tan [17], researchers
have addressed the issue of obtaining distributed controlsto
achieve the objective. The basic idea is that the network
will provide congestion signals to the sources (in the form
of “prices”), and the sources will modify their data rates

accordingly. The original problem is shown to decompose
into several subproblems, viz., congestion control, routing and
scheduling, and the objective is to find distributed solutions to
each [1]–[4], [11].

We consider a problem that belongs to the second group
above.

II. SYSTEM MODEL AND MATHEMATICAL FORMULATION

A. Primal optimization problem

Our problem can be stated precisely as follows. We rep-
resent a network as a directed graphG = (N ,L), whereN
represents the set of nodes in the network andL represents
the set of wireless links in the network. The total number of
nodes in the network is denoted byN = |N | and the total
number of links byL = |L|. A wireless link (i, j) ∈ L if
nodesi andj are within transmission range of each other, i.e.
direct communication between nodei and nodej is possible.
As in [1], we assume that if a link(i, j) ∈ L, then so does
the link (j, i). For simplicity of mathematical expressions, we
assume that all links support a bit rateC when active, though
the results in the paper can be extended easily to the case when
this is not true. LetF denote the set of all end-to-end multihop
flows present in the network. For every flowf ∈ F , s(f) and
d(f) represent the source and destination nodes, respectively.
All the source nodes are assumed to have an infinite backlog.
The data rate associated with the flowf is represented byxf

andyfl denotes the part of the flowf that is carried by the link
l. Let yf = (yfl)l∈L be a vector representing the part of flow
f carried by each link in the network.uf represents aN -sized
column vector such thatuf(s(f)) = xf anduf(d(f)) = −xf

and all other entries are zero.
Interference Model:In this paper we use the IEEE802.11

based interference model, for modeling an inter-link interfer-
ence. Here we reproduce some definitions from [12] in order
to define the interference model.

Definition 1: Let dS(x, y) denote the shortest distance (in
terms of number of links) between nodesx, y ∈ N . Define
a function d : (L,L) → N as follows: Forlu = (u1, u2),
lv = (v1, v2) ∈ L, let

d(lu, lv) = min
i,j∈{1,2}

dS(ui, vj).

In the K-hop link interference model, we assume that any
two links l1 and l2 for which d(l1, l2) < K, will interfere
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Fig. 1. An example of a line graph. S and D represent the sourceand
destination nodes respectively.

with each other and hence cannot be active simultaneously.
Throughout this paper, we use the IEEE802.11 based inter-
ference model which is a2-hop interference model [12]. A
maximal independent set of links is a set, no two links of
which interfere with each other under the given interference
model and no other link can be added to this set without
violating an interference constraint. As an example consider
the line graph shown in the Figure 1. Here, links(N0, N1)
and(N3, N4) do not interfere with each other. If we consider
any other link in this graph, we notice that it will interfere
either with one of them or both of them. Thus, the set formed
by links (N0, N1) and(N3, N4) can be said to be a maximal
independent set of links under the2-hop interference model. A
maximal independent set of linksI, is represented by a column
vectorrI of sizeL. If a link l ∈ I, rI(l) is C; else it is0. We
represent the collection of all the maximal independent sets by
the matrixMI, columns of which arerIs. As no two maximal
independent sets can be activated simultaneously, each of them
will get scheduled for some fraction of time. If there areJ
maximal independent sets present in the network, we represent
a schedule associated with them by aJ sized column vectora,
where theith entry of vectora represents the fraction of time
an independent set representing theith column of matrixMI

is active. We associate a utility functionU(xf ) with every end-
to-end flowf ∈ F . U(xf ) is assumed to be a strictly concave,
twice differentiable, increasing function withU(0) = 0. Let
A be theN × L node-link incident matrix. Then, the formal
representation of our problem is as follows:

max
xf≥0,a≥0

∑

f∈F

U(xf ) (1)

Subject to:Ayf = uf , ∀f ∈ F
∑

f∈F

yf ≤ MIa (2)

K
∑

k=1

ak = 1 (3)

Here, the first constraint ensures flow conservation at every
node in the network. The next constraint, represented by
Equation 2 ensures that the aggregate flow on each link is less
than the effective capacity of the link. We elaborate more on
this point. LetI1, I2, . . . , IJ be the maximal independent sets
of links present in the network and letak represent the fraction
of time an independent setIk is active. Then the fraction of
time λl for which link l is active is given by,

λl =
∑

k|l∈Ik

ak (4)

Thus, the effective capacity of a linkl is given by,

cleff = λlC

The third constraint ensures that there are no idle slots in our
schedule. This is a convex optimization problem with affine
constraints. Thus by applying Slater’s condition [18] we can
show that our problem has no duality gap.

B. Dual problem

To obtain a solution in a distributed manner, we follow the
approach initiated by Kelly and others [2], [17]: that of consid-
ering the dual of this problem. As in these papers, we relax the
capacity constraints given by Equation (2); the corresponding
Lagrange variables behave as link prices, represented by a
vector p. Given a vector of link prices, the problem splits
into congestion control, routing and scheduling subproblems
that can be solved independently. The dual problem associated
with the primal problem stated in Equation 1 is as follows:

min
p≥0

D(p) (5)

where

D(p) = ( max
xf≥0,a≥0

∑

f∈F

(U(xf ) −

pt(yf − MIa))) (6)

subject to:
J

∑

k=1

ak = 1 (7)

Although it is a wellknown fact, we state that the dual function
D(p), is a convex one. Thus, given a price vectorp, D(p)
is a solution to the relaxed maximization problem. With some
algebraic manipulation, we can split this optimization problem
into two independent problems and can solve them separately.
Thus, we can split the RHS of Equation 6 as two functions of
price vectorp:

D(p) = D1(p) + D2(p)

D1(p) corresponds to the congestion control and routing prob-
lem while theD2(p) represents the link scheduling problem.

Congestion control and routing subproblem:

D1(p) = max
xf≥0

(
∑

f∈F

(U(xf ) −
L

∑

i=1

piyfi))

subject to:Ayf = uf , ∀f ∈ F

For a given vector of link prices, each source solves the
problem of how much traffic to send into the network so as
to maximize its net utility. The amount of traffic to send is

xf = U ′−1(p(f)) (8)

wherep(f) is cost of the least cost path betweens(f) and
d(f) for a givenp.

We note that the route chosen by the source corresponds
to the minimum-pricedpath(s) between the source and the
destination.



Scheduling subproblem:

D2(p) = max
a≥0

(ptMIa) (9)

subject to:
J

∑

k=1

ak = 1

It can be shown that, for a given vector of link prices, the
solution to this problem is to schedule an independent set of
maximumaggregateprice [19]. Thus, an optimal scheduling
vector a∗(p) for a given price vectorp has all its entries
zero except the one corresponding to an independent set with
maximum aggregate price.

Price updation algorithm:The price of link l is updated
while going from thejth to the (j + 1)st iteration using the
following equation:

pl[j + 1] = (pl[j] + δj(yl[j] − cl[j]))
+. (10)

Here, (x)+ = max(x, 0). yl[j] represents the aggregate flow
on link l in thejth iteration. If link l is part of an independent
set that is a solution to the Equation (9) for the given price
vectorp[j], thencl[j] takes the value ofC, else it is zero. This
update equation follows from the subgradient algorithm that
is used, in particular, for non-differentiable functions [19]. δj

is the step size associated with the subgradient algorithm in
the jth iteration. In this paper we use a constant stepsizeδ in
all iterations.

C. The overall scheme

Summarizing, the overall scheme is follows:

1) Start with a vector of link prices.
2) Obtain the traffic injected into the network by each

source (congestion control and routing problem).
3) Obtain the schedule with maximum aggregate price

(scheduling problem).
4) Update prices (price updation) and go to Step 2.

It is well-known that when the step sizes in the price updation
algorithm are chosen appropriately, the algorithm given above
converges to a neighbourhood of the optimal solution of the
primal problem [2].

III. O UR WORK

It has been recognized in [12], [16] that the problem in
Step 3 is hard, even when a centralized algorithm is used.
The problem has been shown to be NP-hard in [12], [16].
Therefore, we relax the requirement of optimality, as in [12],
[13]. We consider the natural heuristic idea of choosing an in-
dependent setcontaining the maximum-priced link, instead of
the independent set of maximum aggregate price. In particular,
it is interesting to explore this heuristic because it lendsitself
to a distributed implementation. In the literature, this heuristic
is commonly referred as ”‘greedy”’ and we stick to the same
nomenclature.

A. Distributed Nature of Greedy Heuristic

Our main intention behind selecting the greedy heuristic
as a scheduling policy is that- it can be implemented in a
distributed manner. Here, we present the Greedy Heuristic as
in [12] and also present a way in which it can be implemented
in a distributed manner.

Definition 2: A “matching” is a set of links no two of which
share a common node.

Definition 3: We call a set of edgesW , aK-valid matching
if for all l1, l2 ∈ W with l1 6= l2, we haved(l1, l2) ≥ K.

Greedy Heuristic:
1) W := φ and i := 1.
2) Arrange links ofL in descending order of price, starting

with l1, l2, . . ..
3) If W ∪ li is a valid 2-matching, then,W := W ∪ li.

i = i + 1.
4) Repeat Step 3 for all links inL.
Distributed version of Greedy Heuristic:An algorithm to

be implemented by every noden, in the kth time slot
1) Price dissemination over a2-hop neighbourhood: For

each attached link, broadcast the link price with a hop-
count = 2, so that the information reaches all nodes
within a 2-hop neighbourhood.

2) Identification of interfering links: Receive scoped broad-
casts from other nodes, and identify all links that are
potential interferers with attached links.

3) Price sorting: Sort received link prices in descending
order.

4) Link scheduling: Check if head-node for max-priced
link; if yes, schedule the link, else do not schedule any
attached link.

5) Price updation: Based on links scheduled in the current
slot, update prices according to Equation 10.

At time t = 0, we associate a fixed index (some integer)
with each node. If two conflicting links have maximum price
in a given time slot, then a link that corresponds to a head-node
with a larger index will get scheduled.

B. Greedy heuristic: Bound on the maximum link price

The greedy heuristic is characterized by the following. Let
pmax[j] be the price of themaximum priced linkin the jth

iteration. LetU(xf ), a strictly concave, twice differentiable,
increasing utility function withU(0) = 0, be associated with
the flow f ∈ F . Then the following proposition holds.

Proposition 1: There exist an0 < M < ∞ and j0 < ∞,
such thatpmax[j] ≤ M ∀j ≥ j0, under any scheduling policy
that schedules an independent set in each time slot.

Proof: Proof is given in the Appendix.
As Proposition 1holds for any scheduling policy that sched-
ules an independent set, the result holds for the Greedy
Heuristic as well.

C. Greedy heuristic:ǫ-subgradient

Compared to the optimal solution, how much do we lose by
using the greedy heuristic? To assess this, we need the notion
of an ǫ-subgradient.



Definition 4: [19] Given a convex functionD(p) : ℜn →
ℜ andǫ ≥ 0, a vectorh(p̄) ∈ ℜn is anǫ-subgradient ofD(p)
at point p̄ ∈ ℜn if D(p) ≥ D(p̄) − ǫ + (p− p̄)T h(p̄), ∀p ∈
ℜn.
The following result, from [2], [19], is important for us.

Proposition 2: Suppose at each iterationj an ǫj-
subgradient is used. Ifǫj ≤ ǫ0 ∀j or limj→∞ ǫj = ǫ0 and
||h(j)||2 ≤ H ∀j, then theǫ-subgradient algorithm converges
within δH2/2 + ǫ0 of the optimal value.

Proof: See Theorem 5 from [2] for proof.
Now considerU(xf ) = log(1+xf). Then under this assump-
tion andK-hop interference model, the following result holds.

Claim 1: Consider a line graph with sufficiently large num-
ber of links L, each with capacity C. Then the path-price
S satisfies the inequality:(K + 1)/(K + 1 + C) ≤ S ≤
(2K + 1)/(2K + 1 + C) under any scheduling policy that
schedules an independent set in each time slot.

Proof:
Consider a line graph withL >> K. We want to know

what can be the lower bound on the path price. We notice that
when the path-price is minimum then the achieved data-rate
is maximum. Also when a path is occupied by a single flow
then only that flow can achieve maximum data-rate. Thus in
order to find the lower bound on the path-price, we need to
assume that a single flow is present on the line graph, between
its end nodes.

Let Imax be the maximum-sized independent set of links
and letImin be the minimum-sized independent set of links.
We represent the size of any setI by |I|. Then under the
K-hop link interference constraints, the following expressions
can be obtained:

|Imax| =
⌈ L

K + 1

⌉

|Imin| =
⌈ L

2K + 1

⌉

These expressions can be explained as follows. Consider a
line graph withL number of links in it,L being sufficiently
larger thanK. We see that the maximal independent set
with minimum size under theK-hop interference model,
corresponds to the set of links :{K + 1, 3K + 2, 5K +
3, . . . (2n− 1)K + n, . . . }. So we see that out of any2K + 1
consecutive links, at least one link belongs toImin in order
to maintain its maximality. This leads to the conclusion that
the size ofImin should be⌈L/(2K +1)⌉. A similar argument
works for the size ofImax.

Let I(t) be an independent set scheduled at time intervalt.
Now according to Equation 10, the price updation happens as
follows:
If a link l is scheduled in slotk then,

pk+1(l) − pk(l) = δ(U ′−1(Sk) − C) else,

pk+1(l) − pk(l) = δ(U ′−1(Sk))

δ being a constant step-size andSk being the path-price for
the kth iteration.

Adding the price update equations for all links we get,

Sk+1 = Sk + δ(L.U ′−1(Sk) − |I(t)|C)

For U(x) = log(1 + x) we haveU ′−1(Sk) = ( 1

Sk
− 1).

Now we move to the continuous time domain to have a
differential equation governing the path-priceS(t) as:

dS

dt
= L

(

1

S
− 1

)

− |I(t)|C (11)

We see from the differential equation above that if we keep
on scheduling the same independent setI at each time instant
t, then dS

dt
will become zero whenS takes value L

L+|I|C .
ThusS = L

L+|I|C is the equilibrium pointof the differential
equation. As this value depends upon the cardinality of setI,
we can see that larger the size of setI, smaller will be the
value ofS that is associated with the equilibrium point. In the
actual network, though the same independent set will not get
scheduled at each time instant, in order to find a lower bound
onS we consider the case when the setImax is scheduled at all
time instants. Thus by substitutingI by Imax in Equation 11
we get,

Smin =
L

L + ⌈ L
K+1

⌉C

≈
K + 1

K + 1 + C
(12)

whereSmin represents the lower bound on the path-priceS.
Similarly we can find an upper bound onS by substituting
|Imin| in place ofI in Equation 11 and equating it to zero.
Thus we find the upper boundSmax on S as:

Smax ≈
2K + 1

2K + 1 + C
(13)

This completes the proof.
As in a line graph,pmax ≤ S, from the above claim we

can conclude thatpmax ≤ (2K + 1)/(2K + C), in the case
of a line graph.

Proposition 3: Under the same set of assumptions for utility
function, interference model and number of end-to-end flows,
as for Claim 1, in an arbitrary network graphS ≤ 1 under
any scheduling policy that schedules an independent set in
each time slot

Proof: Among the multiple routes that will be present
between a source-destination pair, let us select an arbitrary
router and letSr be the path-price associated with this route.
We focus on the derivative of this path-price in each time
instant, irrespective of whether the source node sends dataover
it or not. Then at any time instant we see that the derivative
of Sr can be one of the four possible functions ofSr.

dSr

dt
=























−|Ir(t)|C case1

Lr

(

1

Sr
− 1

)

case2

Lr

(

1

Sr
− 1

)

− |Ir(t)|C case3

0 case4

(14)

Here we enumerate the details of all four cases mentioned
above:



1) when |Ir(t)| number of links from the router get
scheduled and source routes no data overr.

2) when data is routed overr and no link from r is
scheduled

3) when both routing and scheduling activities are carried
out on router

4) when neither routing nor scheduling is carried out along
the router.

From the above equation, we see that when only routing
activity is carried out over the router, thenSr keeps increasing
at the maximum possible rate of change. Thus under this
scenario (i.e. when only routing activity is carried out over
the router) the maximum possible value thatSr can take is1
asSr = 1 is the equilibrium point for the differential equation
in case2.

Now consider the situation whenSr keeps decreasing under
case1 or case3. Let r be the first route among all routes
which reaches the valueK+1

K+1+C
. As it is the first route to

reach that value, it is the minimum path-priced route when it
reaches this particular value. Thus, data will be routed over
the router and hence under either case2 or case3, dSr/dt
will start increasing (each route is a line graph andClaim
1 provides a lower bound for the path-price of a line graph).
ThusSr cannot reach zero, the case in which path-price would
increase unboundedly in the next time instant. ThusSr remains
bounded by1.
As Sr is bounded above by1 for all routesr, and aspl ≤ Sr

for all links l along router, we can say thatpmax is bounded
above by1 under any scheduling policy. The last proposition
can easily be extended for the case when multiple flows are
present in the network and hence the bound onpmax continues
to hold even in that case.

In the result that follows we will be using the following
definitions from [12].

Definition 5: The K-hop interference degree of a link
l ∈ L, denoted bydK(l), is a size of the maximum sized
independent setImax(l), such thatd(li, l) < K ∀li ∈ Imax(l).

Definition 6: The K-hop interference degree of a graph
G(N ,L), denoted bydK(G), is defined as

dK(G) = max
l∈L

dK(l).

Now for the greedy heuristic, letSopt[j] andSgrd[j] represent
the aggregate prices of the independent sets corresponding
to the optimal schedule and greedy schedule, respectively,in
the jth iteration. In [12], the authors prove thatSgrd[j] ≥
Sopt[j]/dK(G). Based on this fact we have the following
proposition.

Proposition 4: The greedy heuristic leads to an
LC(dK(G) − 1)/dK(G)-subgradient under theK-hop
interference model.

Proof: Proof is provided in the Appendix .

IV. N UMERICAL EVALUATION

In this section we discuss the results that we obtained after
implementing the greedy heuristic on four networks. We do

not implement the distributed version of the greedy heuristic.
Figure 2 [14], Figure 3, Figure 4 [3], Figure 5 [2] and Figure 6
[15] show the topologies of five networksG1,G2,G3,G4 and
G5, respectively. All the links in all the networks are assumed
to have the capacity of10 Mbps. We start by assigning unit
price to all the links. The plots in the Figures 7, 8 and
11 compare the performance of the greedy algorithm with
the optimal scheduling algorithm for the respective networks,
when multiple flows are present in the network. From the plots
in Figure 7, one sees that the aggregate utility in the case
of greedy scheduling varies from that of optimal scheduling
by less that2% and 15% for two networksG1 and G2,
respectively. In the case ofG3, G4 andG5, we observe that
the utility achieved under the greedy schedule is almost the
same as that obtained under the optimal schedule. The step
size δ is taken to be0.001. Also, Figure 9, Figure 10 and
Figure 12 show thatpmax is bounded in all the five cases.

V. CONCLUSION AND FUTURE WORK

The scheduling problem is known to be a bottleneck in
the cross-layer optimization approach. We relax the optimality
requirement, and propose a natural greedy heuristic. The loss
in performance due to the greedy heuristic is shown to be
bounded. The greedy heuristic is of interest because it is
amenable to distributed implementation. Though the upper
bound onpmax was shown to be1, that result was obtained for
any scheduling policy which schedules an independent set. The
actual bound onpmax under greedy scheduling policy might
be much less than1, as suggested by the numerical results. In
our ongoing work, we are trying to find this upper bound on
pmax under greedy scheduling.
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Fig. 2. Network G1. Flow is present between following pairs of
nodes:(0, 4), (5, 1), (3, 6).
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Fig. 3. Network G2. Flow is present between following pairs of
nodes:(0, 1), (5, 4), (6, 1).
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Fig. 4. Network G3. Flow is present between following pairs of
nodes:(0, 5), (3, 2).
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Fig. 5. Network G4. Flow is present between following pairs of
nodes:(0, 3), (5, 4).
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Fig. 6. Network G5. Flow is present between following pairs of
nodes:(0, 4), (6, 1).

 0

 2

 4

 6

 8

 10

0.0X100 1.0X104 2.0X104 3.0X104 4.0X104 5.0X104

A
g

g
re

g
a

te
 U

ti
li
ty

Iteration

UG2opt
UG2grd
UG1opt
UG1grd

Fig. 7. Utility function under optimal and greedy schedulesfor networks
G1 andG2.
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Fig. 8. Utility function under optimal and greedy schedulesfor networks
G3 andG4.

 0

 0.5

 1

 1.5

 2

0.0X100 1.0X104 2.0X104 3.0X104 4.0X104 5.0X104

p
m

a
x

Iteration

pmaxG2grd
pmaxG1grd

Fig. 9. pmax remains bounded in networksG1 andG2
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Fig. 10. pmax remains bounded in networksG3 andG4
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Fig. 11. Utility function under optimal and greedy schedules for network
G5
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VI. A PPENDIX

A. Proof of Proposition1

Proof:

1) Suppose the price of the max-priced link is not bounded
above. Then in a slot if the price of the max-priced link
is increased, it must be the case that in the immediately
preceding slot, the routing algorithm resulted in some
flows (at least one) choosing paths through that link,
and for such a flows, the path passing through the max-
priced link of the current iteration, was the minimum-
priced path.

2) The above can be restated as follows: In the immediately
preceding slot, there is a nonempty subset of flows
for which the minimum-priced path passed through the
max-priced link of this slot.

3) As the iterations proceed, such subsets have to keep
appearing repeatedly, so that the price increase inpmax

can be sustained.
4) For the flows in the subset, the price of the minimum-

priced path keeps increasing (becausepmax keeps in-
creasing).

5) There are a finite number of subsets. Eventually, for
any subset of flows, there is no incentive to send traffic,
because the price of the minimum-path price is too high.(
WhenSmin crossesU

′

(0) for a particularpmax.)
6) So, eventually, all flows will stop sending traffic. In this

situation, the increase of price of the max-priced link
cannot be sustained. And we have a contradiction. Thus
we conclude that, there exists an0 < M < ∞, such
that pmax ≤ M .



B. Proof of Proposition4

Proof: Let p1,p2 ∈ ℜL
+. Let ropt(p) and rgrd(p)

represent the independent sets corresponding to an optimaland
greedy schedule, respectively for a given price vectorp. Let
Sopt(p) andSgrd(p) be the aggregate prices ofropt(p) and
rgrd(p) respectively.pmax(p) represents the price of themax
priced link(s)for the price vectorp. We represent the optimal
flow rate and optimal routing vector of a flowf ∈ F , for a
given link price vectorp, by xf (p) andyf (p), respectively.
y(p) represents aL sized column vector,lth entry of which
indicates the aggregate traffic of all the flows carried by the
link l for the price vectorp, i.e.

∑

f∈F yf (p). Then atp2 we
have the following:

D(p2) =
∑

f∈F

U(xf (p2)) − pT
2 (y(p2) − ropt(p2))

≥
∑

f∈F

U(xf (p1)) − pT
2 (y(p1) − rgrd(p1))

=
∑

f∈F

U(xf (p1)) − p1
T (y(p1) − ropt(p1)) +

((p2 − p1)T (rgrd(p1) − y(p1)) −

p1
T (ropt((p1) − rgrd(p1))

= D(p1) + (p2 − p1)
T (rgrd(p1) − y(p1))

−p1
T (ropt((p1) − rgrd(p1))

We notice thatp1
T (ropt((p1) − rgrd(p1)) is always a non-

negative quantity and hence for anyp ∈ ℜL
+, rgrd(p)−yf (p)

is an ǫ(p)-subgradient ofD(p) at p. From the above set of
equations, it is clear that,

ǫ(p) = pT (ropt((p) − rgrd(p))

= (Sopt(p) − Sgrd(p)).C

But, Sgrd(p) ≥ Sopt(p)/dK(G).

( From Theorem5 in [12])

⇒ Sopt(p) − Sgrd(p) ≤ Sopt(p)(dK(G) − 1)/dK(G).

≤ L.pmax(p)(dK(G) − 1)/dK(G).

≤ LM(dK(G) − 1)/dK(G).

⇒ ǫ(p) ≤ LMC(dK(G) − 1)/dK(G). ∀p

Thus ǫ(p) is bounded above for allp by LMC(dK(G) −
1)/dK(G) under greedy scheduling.


